
Problem Set # 3

ECE 515: Control System Theory and Design

Instructor: Sadegh Bolouki, bolouki@illinois.edu
Teaching Assistant: Ivan T. Abraham, itabrah2@illinois.edu

Due date: Thursday, Sep 22, 2016, 14:00

Readings

Sections 2.7, 2.8, 2.9, 2.10, 3.1, 3.2, 3.3, and 3.4 of
Tamer Başar, Sean Meyn, and William R. Perkins. Lecture Notes on Control system Theory
and Design. 2013.

Problems

1. (10 points)

(a) Let A ∈ Rn×n have n real, distinct eigenvalues. Show that A has n eigenvectors that
altogether span Rn.

(b) Let the characteristic polynomial of a matrix A ∈ R4×4 be (s− 1)(s− 2)3. How many
linearly independent eigenvectors can A possibly have? Explain why.

2. (15 points) Let the setH be defined by

H = {f : [0, 1]→ R | f = a2s
2 + a1s+ a0, ai ∈ R}.

It should be clear that (H,R) is a vector space.

(a) Show that (H,R) is a Hilbert space equipped with the following inner product:

< p(s), q(s) >=

∫ 1

0

p(s)q(s)ds, ∀p, q ∈ H.

(b) Find an orthonormal basis ofH.

(c) Using the orthonormal property of that basis, obtain the representation of s2 + 1 in
terms of that basis.

3. (25 points) Consider the following two matrices:

A1 =

[
1/2 −1/2
1/2 −1/2

]
, A2 =

 1 0 0
0 −2 0
−3 0 −2

 .
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(a) (10 points) Compute eAit for i = 1, 2.

(b) (5 points) For i = 1, 2, write down the solutions of ẋ = Aix. Assume that t0 = 0 and
x(0) = x0.

(c) (10 points) In each case, determine whether the solutions of ẋ = Aix decay to 0, stay
bounded, or go to∞. Notice that, to answer this, you will need to consider all possible
choices of x0.
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